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Physical spectrum of conformal SU„N… gauge theories

Thomas Appelquist* and Francesco Sannino†
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We investigate the physical spectrum of vector-like SU(N) gauge theories with infrared coupling close to
but above the critical value for a conformal phase transition. We use dispersion relations, the momentum
dependence of the dynamical fermion mass and resonance saturation. We argue that the second spectral
function sum rule is substantially affected by the continuum contribution, allowing for a reduction of the
axial-vector–vector mass splitting with respect to QCD-like theories. Possible consequences for technicolor
theories are described.@S0556-2821~99!00606-2#

PACS number~s!: 12.60.Nz, 11.15.Pg, 11.30.Rd
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The past few years have seen renewed interest in
study of the physical properties of gauge field theories w
an infrared fixed point@1#. While ordinary QCD does not fal
into this category, other theories of great interest do. T
study ofN51 supersymmetric gauge theories has lead t
reasonable picture for the different phases depending on
numberNf of matter multiplets@1#. For a range ofNf , an
infrared fixed point exists and the theory is in the ‘‘no
Abelian coulomb phase.’’ Even ordinary gauge theories
contain infrared fixed points depending on the number
matter fields. In this Brief Report we consider an SU(N)
gauge theory withNf flavors, whose quantum symmetr
group is SUL(Nf) ^ SUR(Nf) ^ UV(1). It is well known that
if Nf is large enough, but below 11N/2, an infrared fixed
point a* exists, determined by the first two terms in th
renormalization groupb function. ForNf near 11N/2, a* is
small and the global quantum symmetry group remains
broken. For smallNf , on the other hand, we expect th
chiral symmetry group SUL(Nf) ^ SUR(Nf) to break to its
diagonal subgroup.

It is an important and unsolved problem to determ
where the phase transition takes place asNf is varied. One
possibility is that it happens at a relatively large value
Nf /N('4) corresponding to an infrared fixed point acce
sible in perturbation theory@2#. An alternative possibility is
that the transition takes place in the strong coupling regi
corresponding to relatively small values ofNf /N @3#.

The larger value emerges from studies of the renormal
tion group~RG! improved gap equation, and corresponds
the perturbative infrared fixed pointa* reaching a certain
critical value ac . These studies also show that the ord
parameter, for example the Nambu-Goldstone boson de
constantFp , vanishes continuously at the transition. A r
cent analysis@4# indicates that instanton effects could al
trigger chiral symmetry breaking at comparably large valu
of Nf /N. It has been noted@2# that in such a transition, ther
are no light degrees of freedom in the symmetric phase o
than the fermions and gluons. In the broken phase near
transition, the approximate conformal symmetry sugge
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that all massive states scale to zero with the order param
@5#. It follows that a simple Ginzburg-Landau Lagrangia
cannot be used to explore the transition.

Here, we will study the spectrum of states in the brok
phase near a largeNf /N transition, in particular the possibil
ity that parity near-degeneracy or even inversion takes pla
This could have consequences for electroweak symm
breaking, since near-critical gauge theories provide a nat
framework for walking technicolor theories@6#.

To set the stage for examining the spectrum of states,
note that in a near-critical theory governed by an infrar
fixed point the coupling is near the fixed point for momen
ranging from the small scale associated with the phys
states up to some intrinsic, renormalization scaleL. In Ref.
@2#, this scale was defined such thataL[a(L)'0.78a* .
Above this scale, asymptotic freedom sets in.

A natural framework for exploring the relation betwee
the infrared fixed point behavior and the spectrum of lig
states is provided by the Weinberg sum rules.1 The relevant
two point Green function is the time honored vector-vec
minus axial-vector–axial-vector vacuum polarization, know
to be sensitive to chiral symmetry breaking. We define

iPmn
a,b~q![E d4x e2 iqx

3@^Jm,V
a ~x!Jn,V

b ~0!&2^Jm,A
a ~x!Jn,A

b ~0!&#, ~1!

where

Pmn
a,b~q!5~qmqn2gmnq2! dabP~q2!. ~2!

Here a,b,51, . . . ,Nf
221, label the flavor currents and th

SU(Nf) generators are normalized according to Tr@TaTb#
5(1/2)dab. The functionP(q2) obeys the unsubtracted dis
persion relation

1de Rafael and Knecht@7# have recently used the Weinberg su
rules to study the ordering pattern of states in large-N QCD with Nf

fixed. Since there is no infrared fixed point in that limit, their resu
are not relevant to the problem we are studying.
©1999 The American Physical Society02-1
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1

p E
0

`

ds
Im P~s!

s1Q2 5P~Q2!, ~3!

where Q252q2.0, as well as the constraint@8#
2Q2P(Q2).0 for 0,Q2,`.

Because the theory exhibits asymptotic freedom aboveL,
the behavior ofP(Q2) at asymptotically high momenta i
the same as in ordinary QCD, i.e., it behaves likeQ26 @9#.
Expanding the left hand side of the dispersion relation t
leads to the two conventional spectral function sum rules

1

p E
0

`

ds Im P~s!50,
1

p E
0

`

ds sIm P~s!50. ~4!

The approximate conformal symmetry at scales belowL2

will mean, however, that the second of these integrals can
be saturated by a simple set of low lying resonances
modified second Weinberg sum rule will emerge.

We break the integration into the region of the low lyin
resonances and the region from there up toL2. ~The contri-
bution from beyondL2 will be negligible.! The scale of the
lower region is set by the dynamical mass of the ferm
S(p), which has a zero-momentum valueS~0!, taken here to
be positive, and falls with increasing Euclidean momentu
The dynamical mass is related toFp by S(0)
'2pFp /AN. @S(p) is of course not a gauge invariant qua
tity @10#, but this order of magnitude relation is true in a wid
class of gauges.# The first region extends fromzero to a
continuum thresholds0 which we expect to be on the orde
of twice the dynamically generated fermion mass:s0
5O„4S2(0)…. In this regime, the integral is saturated by t
Nambu-Goldstone pseudoscalar along with massive ve
and axial-vector states. If one assumes, for example,
there is only a single, zero-width vector multiplet and
single, zero-width axial vector multiplet, then

Im P~s!5pFV
2d~s2MV

2 !2pFA
2d~s2MA

2 !2pFp
2 d~s!. ~5!

As discussed above, we will take all the masses
widths to scale to 0 withFp at the transition. All are there
fore small with respect to the intrinsic scaleL near the tran-
sition.

The second region, extending froms0 up to L2, is asso-
ciated with the continuum, and encodes the conformal pr
erties of the theory. In this ‘‘conformal region’’ we estima
the contribution to ImP(s) by evaluating the relevant Feyn
man diagrams for the vacuum polarization in the presenc
a dynamically generated fermion mass, and show that it
substantially affect the low lying mass spectrum through
second sum rule of Eq.~4!. We first computeP(Q2) for
Euclidean momentum and then continue analytically.

We approximate the Euclidean computation in this ran
by a single loop of fermions~quarks! with dynamical mass
S(p), with Ward identities respected but with addition
perturbative corrections neglected. The framework is sim
to that of ‘‘dynamical perturbation theory,’’ sometimes em
ployed to compute the parameters of the low energy ch
Lagrangian@11#. Here, however, the approximation is em
ployed only at the higher momentum scales of the confor
06770
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region. Even though this is still sub-asymptotic~belowL!, it
is plausible that the approximation is more reliable than
low energies where confinement sets in and the resona
appear.

To summarize, we take the spectrum to consist of a se
low lying resonances with masses on the order ofS(0)
'2pFp /AN, along with a continuum of quarks and gluon
with interaction strength given approximately by the infrar
fixed point, extending from there up toL2 ~the conformal
region!.

In the conformal region,S(p) is determined by the RG
improved gap equation. Instanton effects should be ne
gible in this range since large instantons~of order the inverse
dynamical mass! are most important in chiral symmetr
breaking. The running couplinga(p) falls slowly from a*
throughout the conformal region. The form ofS(p) depends
on whetherp is below or above the scaleLc at whicha(p)
passes throughac . This scale approaches 0 at the transiti
asLc /L;(a* 2ac)

1/ba
* , whereb is the coefficient of the

first order term in theb function. BelowLc , the solution can
be written in the approximate form@12#

S~p!5
S~0!2

p
sinS E

O„S~0!…

p dk

k
Aa~k!

ac
211f D . ~6!

We have taken the lower limit of integration to be of ord
S~0! where nonlinearities enter and change the form of
solution. We have dropped terms explicitly involving deriv
tives ofa(k) since the coupling is near the fixed point in th
regime. Note that the sin function remains positive providi
the argument is less thanp. The nonvanishing positive phas
f (,p) insures that for momenta of orderS~0! the dynami-
cal mass is nonzero and of orderS~0!.

The character of the solution changes aboveLc . It is a
positive definite monotonically decreasing function, contin
ously connected to the lower solution@Eq. ~6!# at Lc . We
have not derived a general closed form in this range, bu
qualitatively correct form can be obtained by again negle
ing terms explicitly involving derivatives ofa(p). S(p) can
then be written in the form

S~p!5A
S~0!2

p
sinhS d2E

Lc

p dk

k
A12

a~k!

ac
D , ~7!

whereA and d are two positive definite constants of ord
unity.

With d large enough,S(p) will be positive even at the
upper end of this region (p5L).

Imposing the continuity ofS(p) at p5Lc and using the
fact thata(k)→a* for small k leads to the critical behavio
log„Lc /S(0)…;(a* /ac21)21/2, and therefore also to
log„L/S(0)…;(a* /ac21)21/2.

We next use these results to computeP(Q2) for Euclid-
ean momentum and then derive the form of ImP(s) through-
out the conformal region by analytic continuation. To d
this, we make a further simplification that does not chan
the qualitative behavior and allows the integrations to
done analytically. In the region belowLc , we takea(p) to
2-2
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BRIEF REPORTS PHYSICAL REVIEW D 59 067702
be constant and equal to the fixed point valuea* (.ac).
The absorptive part ImP(s) then takes the form

Im P~s!5N
9S~0!4

16s2p2 sinh~h* p!sinS h* ln
s

s0
12f D ~8!

for s0,s,Lc
2 , whereh* 5(a* /ac21)1/2.

In the region well aboveLc , we takea(p) to be constant
and equal toaL[a(L)'0.78a* (,ac). The argument of
the sinh @Eq. ~7!# then becomesd2hL ln(p/L̃), whereLc

,L̃,p,L andhL5(12aL /ac)
1/2.0.47. The ratioL̃/L

is nonzero in the limita!→0. The absorptive part ImP(s) is
then

Im P~s!52NA2
S~0!4

4 s2p2 sin~hLp!@e2d2hL ln~s/L̃2!g~hL!

2e22d1hL ln~s/L̃2!g~2hL!#, ~9!

where it can be shown thatg(2hL)/g(hL)<1 for any 0
<hL,1.

For s approachingLc
2 , Im(s) is negative and vanishingly

small. Throughout the conformal region, ImP(s) behaves
like 1/s2 times a function that oscillates from positive
negative in the range up toLc

2 , and then remains negativ
from Lc

2 up toL2. The negativity of ImP(s) aboveLc
2 @Eq.

~9!# is insured by the same condition, 2d.hL ln(s/L̃2), that
guarantees the positivity ofS(p) in this region. That ImP(s)
@Eq. ~8!# can oscillate in the region belowLc

2 even though
S(p) @Eq. ~6!# does not, is insured by the fact that the arg
ment of the sin in Eq.~8! involves the log of a square
momentum. Note that close to the phase transition (h*→0), the imaginary part fors0,s,Lc

2 is suppressed rela
tive to the imaginary part well aboveLc by a factor ofh* .
This is true even at the high end of the lower range wh
h* ln(s/s0)5O(1). This suppression factor will be compe
sated by the integration weight in the second spectral fu
tion sum rule.

Armed with this information, we now examine the spe
tral function sum rules. We first note that the first sum ru
@Eq. ~4!# is concentrated at low momenta. The contributi
from the region froms0 to L2 is suppressed relative to th
overall mass scales by the small factorh* or by large in-
verse masses. If the low lying resonances are represent
in Eq. ~5!, one obtains the familiar result

FV
22FA

25Fp
2 . ~10!

A more general representation of the resonance spec
would replace the left hand side of this relation with a su
over vector and axial states.

The second sum rule@Eq. ~4!# receives important contri
butions from throughout the conformal region. If a sing
vector and a single axial vector are used to represent the
lying resonances, we find
06770
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FV
2MV

22FA
2MA

25N 9
S~0!4

16p2 FcosS h* ln
Lc

2

s0
12f D 2cos 2f

14 A2
sin~hLp!

9 hLp
F~hL ,d!G , ~11!

whereF(hL ,d) can be shown to be positive andO(1).
The quantity in square brackets arises from both ab

and belowLc
2 and its specific form depends on the appro

mations we have made. For our purposes, however, i
enough to know that it is positive andO(1). This is clearly
true for the third term, arising from aboveLc

2 . The sum of
the first two terms, arising from belowLc

2 , is also positive as
long as 2f1h* ln(Lc /As0).p ~a wide range of values!.
The second sum rule can then be written in the form

FV
2MV

22FA
2MA

252aS~0!2Fp
2 , ~12!

wherea is expected to be positive andO(1), andwhere we
have used the relationS(0)'2pFp /AN. As in the case of
the first sum rule, a more general resonance spectrum
lead to a left hand side with a sum over vector and ax
states. In either case, the conformal region enhances the
tor piece relative to the axial.

Combining the two sum rules, and for simplicity restric
ing to the single vector and axial vector spectrum, leads

MA
22MV

2.
Fp

2

FA
2 @MV

222aS~0!2#. ~13!

The conformal region is thus expected to give a nega
contribution to the axial-vector mass difference, not pres
in QCD-like theories. Since 2aS(0)2 is of order MV

2 , the
two states will be closer in mass than in QCD-like theor
without an extended conformal region. The vector-ax
mass pattern might even be inverted with respect to QC
Note that this is an asymptotic result as the critical value
Nf is approached from below. In this limit,S~0! and all the
resonance masses are of course vanishing relative to th
trinsic scaleL. Equation~13! says that the splitting relative
to this overall scale is further reduced. We would come t
qualitatively similar conclusion if a more general represen
tion of the resonance spectrum were used. This general
ture of a near-critical gauge theory governed by an infra
stable fixed point~a walking theory! is our principal result.

Next we note that this changed spectrum of states co
have consequences in technicolor theories since the kin
near-critical theory discussed above could provide a nat
framework for a walking technicolor theory@6#. The S pa-
rameter@13# represents an important test for any technico
theory. It is related to the absorbitive part of the vecto
vector minus axial-vector–axial-vector vacuum polarizati
as follows@13#:

S54E
0

` ds

s
Im P̄~s!54pF FV

2

MV
2 2

FA
2

MA
2 G , ~14!
2-3
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BRIEF REPORTS PHYSICAL REVIEW D 59 067702
where ImP̄ is obtained from ImP by subtracting the Gold-
stone boson contribution, and where the final express
comes from using the single vector and single axial vec
representation of the resonance region~where the spectra
integral is strongly dominated!. By using the form of the
physical spectrum given by Eq.~13!, we get

S.4pFp
2 F 1

MV
2 1

1

MA
2 2

2aS~0!2

MV
2 MA

2 G , ~15!

where, as above,a5O(1). The last term, arising from the
conformal region, through the second spectral function s
rule, is thus expected to be negative and of the same ord
the first two terms. While this is a crude estimate of theS
parameter, it seems that it could be much reduced relativ
QCD-like theories.

Other attempts to estimate theS parameter for walking
technicolor theories have been made in the past. In Ref.@14#,
based on an exotic method of analytic continuation wh
accuracy seems to be difficult to estimate@15#, it was
claimed that theS parameter might be negative. In anoth
approach@16#, a single loop of fermions with a dynamicall
generated mass was used to estimateS directly, with no at-
tempt to incorporate a low lying resonance spectrum. Si
the S parameter is so dominated by the low momentum
gion, it seems important to incorporate the resonances in
estimate. They have played a central role in the results
scribed here.

Finally, we remark that the low energy spectrum d
scribed here can be accommodated within the framewor
an effective chiral Lagrangian. In the approximation we ha
employed, the spectrum consists of a set of Nam
Goldstone bosons along with a multiplet of vector and ax
particles. An appropriate, parity-invariant effective Lagran
ian for this set of particles is the following@17#:
.

ys

y,

ys

y
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1

2
Tr@DmMDmM†#2

1

2
Tr@Fmn

L FLmn1Fmn
R FRmn#

1m0
2 Tr@Am

L ALm1Am
RARm#1h Tr@Am

L MARmM†#. ~16!

The Nambu-Goldstone bosons are encoded in theNf3Nf
meson matrixM which transforms linearly under the chira
symmetry group SUL(Nf) ^ SUR(Nf), while DmM5]mM
2 igAm

L M1 igMAm
R is the chiral covariant derivative. Th

symmetry is realized nonlinearly through the constra
MM†5M†M5Fp

2 /2. The third and fourth terms in the La
grangian reduce the chiral symmetry from local to glob
giving masses to the vector and axial vector mesons. Us
the vacuum valuê M &51Fp /&, we find @17# MA

22MV
2

5 1
2 Fp

2 @g22h#.Comparison with Eq.~13! shows thath pa-
rametrizes the contribution from the conformal region. It
important to point out that Eq.~16! is a nonlinear effective
Lagrangian for the simplified spectrum we have consider
useful only in the broken phase.

In this Brief Report we have shown that the ordering p
tern for vector–axial-vector hadronic states in SU(N) vector-
like gauge theories close to a conformal transition need
be the same as predicted in QCD-like theories. To show t
we employed spectral function sum rules, the kno
asymptotic behavior determined by asymptotic freedom,
the fact that these theories contain an extended ‘‘confor
region’’ below the asymptotic regime.

A simple description of the conformal region was used
argue that it leads to a reduced and possibly even inve
vector-axial mass splitting. A possible consequence for te
nicolor theories was discussed.
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