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We investigate the physical spectrum of vector-like S)@auge theories with infrared coupling close to
but above the critical value for a conformal phase transition. We use dispersion relations, the momentum
dependence of the dynamical fermion mass and resonance saturation. We argue that the second spectral
function sum rule is substantially affected by the continuum contribution, allowing for a reduction of the
axial-vector—vector mass splitting with respect to QCD-like theories. Possible consequences for technicolor
theories are describef50556-282(199)00606-2
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The past few years have seen renewed interest in thiéhat all massive states scale to zero with the order parameter
study of the physical properties of gauge field theories witH5]. It follows that a simple Ginzburg-Landau Lagrangian
an infrared fixed poinf1]. While ordinary QCD does not fall cannot be used to explore the transition.
into this category, other theories of great interest do. The Here, we will study the spectrum of states in the broken
study of N=1 supersymmetric gauge theories has lead to #hase near a largé; /N transition, in particular the possibil-
reasonable picture for the different phases depending on tH& that parity near-degeneracy or even inversion takes place.
numberN; of matter multiplet/1]. For a range oN;, an This (_:ould_ have consequences for ele_ctrowea_k symmetry
infrared fixed point exists and the theory is in the “non- breaking, since nea_r-crltlcal gauge theo_rles provide a natural
Abelian coulomb phase.” Even ordinary gauge theories caframework for walking technicolor theorigs§).
contain infrared fixed points depending on the number of 1© SEtthe stage for examining the spectrum of states, we

matter fields. In this Brief Report we consider an SU( note that in a near-critical theory governed by an infrared
gauge theor)./ WithN« flavors F\)Nhose quantum symmetry fixed point the coupling is near the fixed point for momenta
f ’

. . ranging from the small scale associated with the physical
group is SY(N7) @ SUx(Np) ®Uy(1). It is well known that states up to some intrinsic, renormalization scaldn Ref.

if Ns is large enough, but below N2, an infrared fixed [2], this scale was defined such that = a(A)~0.78x, .
point «, exists, determined by the first two terms in the ppove this scale, asymptotic freedom sets in.
renormalization groups function. ForN¢ near 1N/2, a, is A natural framework for exploring the relation between
small and the global quantum symmetry group remains uUnthe infrared fixed point behavior and the spectrum of light
broken. For smaliN¢, on the other hand, we expect the states is provided by the Weinberg sum rdidhe relevant
chiral symmetry group SUN)® SUg(N;) to break to its  two point Green function is the time honored vector-vector
diagonal subgroup. minus axial-vector—axial-vector vacuum polarization, known
It is an important and unsolved problem to determineto be sensitive to chiral symmetry breaking. We define
where the phase transition takes placeNass varied. One
possibility is that it happens at a relatively large value of
N;/N(=~4) corresponding to an infrared fixed point acces-il‘[i’f(q)zf d*x e~ 19X
sible in perturbation theorf2]. An alternative possibility is
that the transition takes place in the strong coupling regime, %[(J2 b — (] b
corresponding to relatively small values /N [3]. (v 350 = (T a0 TualOD] @)
The larger value emerges from studies of the renormaliza-
tion group(RG) improved gap equation, and corresponds towhere
the perturbative infrared fixed point, reaching a certain
critical value a.. These studies also show that the order Hi’E(Q):(%qv—quz) 5*°TI(qg?). 2)
parameter, for example the Nambu-Goldstone boson decay
constantF ., vanishes continuously at the transition. A re- )
cent analysid4] indicates that instanton effects could also Herea,b,=1,... Nf—1, label the flavor currents and the
trigger chiral symmetry breaking at comparably large valuesSU(Nf) generators are normalized according tq TAT®] .
of Ny /N. It has been notef®] that in such a transition, there = (1/2)6°". The functionl(qg?) obeys the unsubtracted dis-
are no light degrees of freedom in the symmetric phase othdtersion relation
than the fermions and gluons. In the broken phase near the
transition, the approximate conformal symmetry suggests
lde Rafael and Kneclif7] have recently used the Weinberg sum
rules to study the ordering pattern of states in laxg@CD with N
*Electronic address: thomas.appelquist@yale.edu fixed. Since there is no infrared fixed point in that limit, their results
TElectronic address: francesco.sannino@yale.edu are not relevant to the problem we are studying.
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1 (= ImII(s) region. Even though this is still sub-asymptati@low A), it
p fo dSSTQQ—=H(Q2), (3) is plausible that the approximation is more reliable than at

low energies where confinement sets in and the resonances

where Q?=-g?>0, as well as the constrain{g] aPpear . '
—QII(Q%)>0 for 0<Q?< . To summarize, we take the spectrum to consist of a set of
Because the theory exhibits asymptotic freedom abiove OW ying resonances with masses on the order=¢D)
the behavior ofl1(Q?) at asymptotically high momenta is ~27F »/\N, along with a continuum of quarks and gluons,
the same as in ordinary QCD, i.e., it behaves Ixe® [9].  With interaction strength given approximately by the infrared
y 1:Cy . . . - a
Expanding the left hand side of the dispersion relation thudixed point, extending from there up th“ (the conformal

leads to the two conventional spectral function sum rules fegion. . _ _
In the conformal regiong (p) is determined by the RG-

1 (= 1 (> improved gap equation. Instanton effects should be negli-
p fo dsimII(s)=0, ;L dssimll(s)=0. (4)  gible in this range since large instantdé order the inverse
dynamical magsare most important in chiral symmetry

The approximate conformal symmetry at scales befofv ~ Préaking. The running coupling(p) falls slowly from a,

will mean, however, that the second of these integrals canndfiroughout the conformal region. The form®{p) depends

be saturated by a simple set of low lying resonances. AN Whethep is below or above the scalg. at whicha(p)

modified second Weinberg sum rule will emerge. passes through. . This scale approaches 0 at the transition
We break the integration into the region of the low lying 8 Ac/A~ (e, —ac)***x, whereb is the coefficient of the

resonances and the region from there um]?o (The contri- first Of.'der term n th$ fUr:]Ctlon. BeIOWAC, the solution can

bution from beyondA 2 will be negligible) The scale of the be written in the approximate forii2]

lower region is set by the dynamical mass of the fermion 5

3.(p), which has a zero-momentum valBi€0), taken here to S (p)= 2(0)° . JP dk [a(k) 1+ 6

be positive, and falls with increasing Euclidean momentum. (p)= p sin 0(2(0))T @ ¢ ©

C

The dynamical mass is related td-, by 2(0)
~277FW/\/N. [2(p) is of course not a gauge invariant quan- We have taken the lower limit of integration to be of order
tity [10], but this order of magnitude relation is true in a wide 3,(0) where nonlinearities enter and change the form of the
class of gaugek.The first region extends frorzeroto a  solution. We have dropped terms explicitly involving deriva-
continuum threshold, which we expect to be on the order tives of a(k) since the coupling is near the fixed point in this
of twice the dynamically generated fermion mass;  regime. Note that the sin function remains positive providing
=0(432(0)). In this regime, the integral is saturated by thethe argument is less than The nonvanishing positive phase
Nambu-Goldstone pseudoscalar along with massive vectap (<) insures that for momenta of ord2f0) the dynami-
and axial-vector states. If one assumes, for example, thajal mass is nonzero and of orde¢0).
there is only a single, zero-width vector multiplet and a The character of the solution changes abadye It is a
single, zero-width axial vector multiplet, then positive definite monotonically decreasing function, continu-

) ) ) ) ) ously connected to the lower soluti¢kq. (6)] at A,. We
ImTI(s)=mFyd(s—My) — mFa(s— M) —7F75(s). (5)  have not derived a general closed form in this range, but a

ualitatively correct form can be obtained by again neglect-

As discussed above, we will take all the masses an@1 P . L
. L i g terms explicitly involving derivatives af(p). 2 (p) can
widths to scale to O withF . at the transition. All are there- then be written in the form

fore small with respect to the intrinsic scalenear the tran-

sition. )
The second region, extending frasg up to A2, is asso- z(p):AE(O) Sim—( S5— fpﬂ( N a(k))’ 7)
ciated with the continuum, and encodes the conformal prop- p A K Qe

erties of the theory. In this “conformal region” we estimate

the contribution to InfI(s) by evaluating the relevant Feyn- whereA and 6 are two positive definite constants of order

man diagrams for the vacuum polarization in the presence dfnity.

a dynamically generated fermion mass, and show that it can With & large enoughX(p) will be positive even at the

substantially affect the low lying mass spectrum through theupper end of this regionp=A).

second sum rule of Eq4). We first computell(Q?) for Imposing the continuity oE (p) at p=A. and using the

Euclidean momentum and then continue analytically. fact thata (k) — «, for small k leads to the critical behavior
We approximate the Euclidean computation in this rangdog(A /3 (0))~ (a, lac—1)"Y2 and therefore also to

by a single loop of fermiongquarks with dynamical mass log(A/3(0))~ (a, /a.—1) 2

3(p), with Ward identities respected but with additional ~We next use these results to complitéQ?) for Euclid-

perturbative corrections neglected. The framework is similaean momentum and then derive the form offlifs) through-

to that of “dynamical perturbation theory,” sometimes em- out the conformal region by analytic continuation. To do

ployed to compute the parameters of the low energy chirathis, we make a further simplification that does not change

Lagrangian[11]. Here, however, the approximation is em- the qualitative behavior and allows the integrations to be

ployed only at the higher momentum scales of the conformatlone analytically. In the region below,, we takea(p) to
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be constant and equal to the fixed point valug (> «a.). (0)* A2
The absorptive part Ifi(s) then takes the form FZMZ—FiM43=N QW coy 7, Ins—~|—2¢ —Cos 2¢
0
3(0)* s , Sin(7,7)
IMII(s) =N 1=— sinh( 7, m)sin| 7, In 5 +2¢]| (8) KL (75,6) (13)

whereF (7, ,0) can be shown to be positive a@{1).
The quantity in square brackets arises from both above

and equal tow,=a(A)~0.78, (<a.). The argument of and belowAg and its specific form depends on the approxi-
A o o mations we have made. For our purposes, however, it is

thg sinh[Eq. (7)] then becomes— 7, In(p/A), Wh(_arSAC enough to know that it is positive ar@(1). This is clearly
<A<p<A and 774:,(1_%/“0)1/2:0-47_- The rati)A/A e for the third term, arising from above?. The sum of
is nonzero in the limitr, —0. The absorptive part If1(S) iS¢ first two terms, arising from below?, is also positive as
then long as 26+ 7, IN(A./\Sg)>m (a wide range of values
The second sum rule can then be written in the form

for sy<s<A2, wherez, =(a, la;—1)*2
In the region well above\ ., we takea(p) to be constant

3(0)% 2
— _NA2 i 26— In(s/A%)
ImII(s)=—NA" 75 sin(n m)[e (1) FIM{—FaM4i=2a3(0)%F2, (12

_ a—28+ 7, In(sIA?) , .
e IRy (= )], ©  wherea is expected to be positive arf®(1), andwhere we

have used the relatioB(0)~2xF,/\N. As in the case of

where it can be shown that(— #,)/y(7,)<1 for any 0 the first sum rule, a more general resonance spectrum will
s <1 lead to a left hand side with a sum over vector and axial

For s approaching\ 2, Im(s) is negative and vanishingly states. In either case, the conformal region enhances the vec-
small. Throughout the conformal region, Iifs) behaves tor piece relative to the axial.
like 1/s? times a function that oscillates from positive to ~ Combining the two sum rules, and for simplicity restrict-
negative in the range up mz, and then remains negative Ing to the Single vector and axial vector SpeCtrUm, leads to
from A2 up to A% The negativity of IniI(s) aboveA? [Eq.
(9)] is insured by the same conditiong2 7, In(sA?), that
guarantees the positivity &f(p) in this region. That Ini1(s)
[Eq. (8)] can oscillate in the region belowg even though

3 (p) [Eq. (6)] does not, is insured by the fact that the argu-The conformal region is thus expected to give a negative
ment of the sin in Eq(8) involves the log of a squared contribution to the axial-vector mass difference, not present
momentum. Note that close to thez phase transition ( in QCD-like theories. Since &.(0)? is of orderM?2, the
—0), the imaginary part fosy<<s<<A¢ is suppressed rela- g states will be closer in mass than in QCD-like theories
tive to the imaginary part well abov&, by a factor of, . wijthout an extended conformal region. The vector-axial
This is true even at the high end of the lower range whergnass pattern might even be inverted with respect to QCD.
7. IN(S59)=0(1). This suppression factor will be compen- Note that this is an asymptotic result as the critical value of
s_ated by the integration weight in the second spectral funcNf is approached from below. In this limi(0) and all the

tion sum rule. . _ resonance masses are of course vanishing relative to the in-

Armed with this information, we now examine the spec-trinsjc scaleA. Equation(13) says that the splitting relative

tral function sum rules. We first note that the first sum ruleiq this overall scale is further reduced. We would come to a
[Eq. (4)] is concentrated at low momenta. The contributionqualitatively similar conclusion if a more general representa-
from the region froms, to A? is suppressed relative to the tion of the resonance spectrum were used. This general fea-
overall mass scales by the small factpy or by large in-  tyre of a near-critical gauge theory governed by an infrared
verse masses. If the low lying resonances are represented &aple fixed pointa walking theory is our principal result.

2

F7T
Mi—M\Z,zF—i[M\Z,—ZaE(O)z]. (13)

in Eq. (5), one obtains the familiar result Next we note that this changed spectrum of states could
have consequences in technicolor theories since the kind of
F2—F2=F?2 (10)  hear-critical theory discussed above could provide a natural

p

framework for a walking technicolor theof]. The S pa-

) rameter{ 13] represents an important test for any technicolor
A more general representation of the resonance spectruffeory. It is related to the absorbitive part of the vector-

would replace the left hand side of this relation with a sSumMector minus axial-vector—axial-vector vacuum polarization
over vector and axial states. as follows[13]:

The second sum rulgeq. (4)] receives important contri-
butions from throughout the conformal region. If a single

i i =ds  — FZ F2
vector and a single axial vector are used to represent the low S:4J —ImI(s)=4m —\2 - _‘; , (14)
lying resonances, we find oS My  Mj
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where Imll is obtained from Inil by subtracting the Gold- 1 T L cluv, R £Ruv

stone boson contribution, and where the final expressior@‘ETr[DMMD M ]_ETr[FwF +FLFET]
comes from using the single vector and single axial vector 5 L & L

representation of the resonance regiarhere the spectral +mg TI{ALAY+ ARARH]+h THALMAR*M ], (16)
integral is strongly dominated By using the form of the

physical spectrum given by E¢13), we get The Nambu-Goldstone bosons are encoded inMNh& N¢

meson matrixM which transforms linearly under the chiral
symmetry group SUN;)® SUg(N;), while D ,M=49,M
, (15  —igA,M+igMA? is the chiral covariant derivative. The
symmetry is realized nonlinearly through the constraint
MMT=MTM=F2/2. The third and fourth terms in the La-

where, as aboveg=0(1). Thelast term, arising from the rangian reduce the chiral symmetry from local to global
conformal region, through the second spectral function sungrang y Ty global,
ving masses to the vector and axial vector mesons. Using

. . i
rule, is thus expected to be negative and of the same order gs _ ' 2 a2
the first two terms. While this is a crude estimate of e %we vacuum valugM)=1F,/v2, we find [17] Mj~My

—1p2742_ i i -
parameter, it seems that it could be much reduced relative to ZFW.[g h].Comp_arls_on with Eq(13) shows thalh_ pa- -
QCD-like theories rametrizes the contribution from the conformal region. It is

Other attempts to estimate ti& parameter for walking important to point out that Eq16) is a nonlinear effective

. : : Lagrangian for the simplifi rum we hav nsider
technicolor theories have been made in the past. In[R4f, agrangian for the simp ed spectru e have considered,
. . ; . useful only in the broken phase.
based on an exotic method of analytic continuation whose |, this Brief Report we have shown that the ordering pat-

accuracy seems to be difficult to estimdtS], it was o for vector—axial-vector hadronic states in Siyzector-

claimed that theS parameter might be negative. In another e gauge theories close to a conformal transition need not
approact{16], a single loop of fermions with a dynamically e the same as predicted in QCD-like theories. To show this,
generated mass was used to estin®&tirectly, with no at- o employed spectral function sum rules, the known

tempt to incorporate a low lying resonance spectrum. SinCggympiotic behavior determined by asymptotic freedom, and
the S parameter is so dominated by the low momentum reéyhe fact that these theories contain an extended “conformal
gion, it seems important to incorporate the resonances in thegion” below the asymptotic regime.

estimate. They have played a central role in the results de- "5 simple description of the conformal region was used to

scribed here. argue that it leads to a reduced and possibly even inverted

Finally, we remark that the low energy spectrum de-yecior-axial mass splitting. A possible consequence for tech-
scribed here can be accommodated within the framework oficolor theories was discussed.

an effective chiral Lagrangian. In the approximation we have

employed, the spectrum consists of a set of Nambu- We thank R. D. Mawhinney, N. Kitazawa, J. Terning, and
Goldstone bosons along with a multiplet of vector and axialL. C. R. Wijewardhana for helpful discussions. This work
particles. An appropriate, parity-invariant effective Lagrang-has been partially supported by the U.S. Department of En-
ian for this set of particles is the followind.7]: ergy under grant DE-FG02-92ER-40704.
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